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MULTIPLICATIVE VECTOR FIELDS ON BUNDLE GERBES
DEREK KREPSKI AND JENNIFER VAUGHAN
Abstract. This paper makes use of multiplicative vector fields on Lie groupoids
to model infinitesimal symmetries of S1-bundle gerbes. It is shown that a con-
nective structure on a bundle gerbe gives rise to a natural horizontal lift of multi-
plicative vector fields to the bundle gerbe, and that the 3-curvature presents the
obstruction to the horizontal lift being a morphism of Lie 2-algebras. Connection-
preserving multiplicative vector fields on a bundle gerbe with connective structure
are shown to inherit a natural Lie 2-algebra structure; moreover, this Lie 2-algebra
is quasi-isomorphic to the Poisson-Lie 2-algebra of the 2-plectic base manifold
(M,χ), where χ is the 3-curvature of the connective structure. As an application
of this result, we give an analogue of a formula of Kostant in the 2-plectic and
quasi-Hamiltonian context.
1. Introduction
Let M be a smooth manifold. A well-known Theorem of Weil [38] shows that
the set of isomorphism classes of principal S1-bundles over M are in one-to-one cor-
respondence with H2(M ;Z). The analogous objects corresponding to cohomology
classes in H3(M ;Z) are known as S1-gerbes, introduced in differential geometry
by Brylinski [6] using the formalism of stacks (presheaves of groupoids), following
Giraud [15]. Some later models for S1-gerbes include S1-central extensions of Lie
groupoids (e.g., see Behrend-Xu [4]), S1-bundle gerbes (equivalent to S1-central ex-
tensions of submersion groupoids), due to Murray [27] (see also Hitchin [17] and
Chatterjee [8]), Dixmier-Douady bundles [12], differential cocycles [23], and princi-
pal Lie 2-group bundles [3, 31, 39]. The present paper primarily adopts the bundle
gerbe perspective (see Section 3.1 for a review of bundle gerbes) to establish some
results for S1-gerbes that are analogous to well-known results for their degree-2
counterparts, principal S1-bundles.
For example, consider a principal S1-bundle P → M with connection γ ∈ Ω1(P )
and let curv(γ) ∈ Ω2(M) denote the curvature of the connection. It is well known
that the connection determines a horizontal lift of vector fields on M to vector fields
on P ,
Liftγ : X(M)→ X(P ),
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which is a Lie algebra homomorphism if and only if curv(γ) = 0. What is the
analogue for S1-gerbes?
To arrive at the analogue, we employ multiplicative vector fields on Lie groupoids.
Recall from [24] that a multiplicative vector field on a Lie groupoidG = {G1 ⇒ G0}
is a Lie groupoid morphism (i.e., a functor) ξ : G → TG = {TG1 ⇒ TG0} such
that πG ◦ ξ = idG. Such a functor can be defined by a multiplicative vector field
is a pair of vector fields ξ0 and ξ1 on G0 and G1, respectively, compatible with the
Lie groupoid structure (so that the pair defines such a functor). The multiplicative
vector fields on G are the objects of a category X(G), whose morphisms are natural
transformations η : ξ ⇒ ξ′ satisfying πG(η(x)) = ǫ(x) for every object x ∈ G0,
where ǫ : G0 → G1 denotes the unit map. By a Theorem of Hepworth [16, Theorem
4.15], multiplicative vector fields on a Lie groupoid G correspond to vector fields on
the associated differentiable stack BG.
An S1-gerbe on a smooth manifold M is a differentiable stack, which may be
presented as a bundle gerbe over M , or equivalently an S1-central extension P ⇒ X
of the submersion Lie groupoid X×MX ⇒ X associated to a surjective submersion
X → M (see Section 3.2). Therefore, vector fields on the S1-gerbe may be modelled
by multiplicative vector fields on the Lie groupoid P ⇒ X . In fact, as we show in
Theorem 3.22, the category X(P ⇒ X) of multiplicative vector fields on P ⇒ X is
equivalent to the category described by Collier [10] of infinitesimal symmetries of
the corresponding S1-gerbe, viewed as a stack.
Additionally, by a recent result of Berwick-Evans and Lerman [5], multiplicative
vector fields on a Lie groupoid naturally have a structure of a Lie 2-algebra. In this
work, a Lie 2-algebra is a 2-term L∞-algebra (e.g., see Baez-Crans [2])—that is, a 2-
term chain complex L1 → L0, equipped with a graded bracket and a chain homotopy
coherently measuring the failure of the bracket to satisfy the Jacobi identity. For
morphisms, we work with a localization of the bicategory of 2-term L∞-algebras
with respect to quasi-isomorphisms—namely, Noohi’s bicategory with butterflies as
1-morphisms (see Section 4.1 for a review of the bicategory of Lie 2-algebras).
We thus find a natural setting in which to formulate the bundle gerbe analogue of
the aforementioned result on horizontal lifts. Indeed, suppose an S1-gerbe over M
is presented by a bundle gerbe P ⇒ X , an S1-central extension of X ×M X ⇒ X ,
where X → M is a surjective submersion. The Lie 2-algebra of multiplicative vector
fields X(X ×M X ⇒ X) is naturally quasi-isomorphic to X(M), and we show in
Theorem 4.6 that a connective structure on P ⇒ X (i.e., a multiplicative connection
γ ∈ Ω1(P ) and curving B ∈ Ω2(X)) gives rise to a map
Liftγ : X(X ×M X ⇒ X)→ X(P ⇒ X),
which is a morphism of Lie 2-algebras if and only if the associated 3-curvature
3-curv(B, γ) ∈ Ω3(M) of the connective structure vanishes.
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The Lie 2-algebra of connection-preserving multiplicative vector fields on a bundle
gerbe plays a natural role in establishing some other results that may be viewed as 2-
plectic and quasi-Hamiltonian analogues of classical results in symplectic geometry.
A multiplicative vector field on a bundle gerbe P ⇒ X , given by a pair of vector
fields ξ˜ and ξˇ on X and P , respectively, is said to preserve a connective structure
(B, γ) if
Lξ˜B = dα, and Lγˇ = δα, for some α ∈ Ω
1(X),
where δ = Σ(−1)jδ∗j is the simplicial differential for P ⇒ X . We show that the
collection X(P ;B, γ) of connection-preserving multiplicative vector fields is a sub-
category X(P ⇒ X) (see Corollary 3.18 for the precise statement), and it naturally
inherits a Lie 2-algebra structure (see Proposition 4.8).
Recall that for a 2-plectic manifold (M,χ), the analogue of the Poisson algebra
of smooth functions on a symplectic manifold is the Poisson-Lie 2-algebra L(M,χ)
(see Definition 4.5, due to Rogers [34]). Consider a bundle gerbe P ⇒ X over
M , equipped with a connective structure (B, γ) as above, with 3-curv(B, γ) = χ
(i.e., a prequantization of (M,χ)). In Theorem 5.1, we show that L(M,χ) is quasi-
isomorphic to the Lie 2-algebra X(P ⇒ X ;B, γ) of connection-preserving multi-
plicative vector fields on P ⇒ X . In other words, the Poisson Lie 2-algebra L(M,χ)
of a 2-plectic manifold is quasi-isomorphic to the Lie 2-algebra of infinitesimal sym-
metries of its prequantization, sometimes called infinitesimal quantomorphisms in
the literature—e.g., see [13] wherein the authors prove a similar result (cf. Remark
5.2.)
As an application of Theorem 5.1, we propose 2-plectic and quasi-Hamiltonian
analogues of a formula of Kostant. Given a Hamiltonian Lie algebra action g →
X(M,ω) on a symplectic manifold, Kostant gives a lift to a g-action on a prequan-
tization of (M,ω) (a principal S1-bundle P → M with connection whose curvature
equals ω) by infinitesimal quantomorphisms. In Section 5, we show that a Hamilton-
ian g-action on a 2-plectic manifold (M,χ) (i.e., one admitting a homotopy moment
map as in [7]) naturally lifts to an infinitesimal g-action on a prequantization of
(M,χ). For quasi-Hamiltonian spaces with Lie group-valued moment maps, a simi-
lar lift is obtained.
This paper is organized as follows. In Section 2, we review some preliminaries to
establish notation used throughout the paper. In Section 3, we recall some founda-
tional aspects of bundle gerbes and begin our study of multiplicative vector fields on
bundle gerbes. We discuss their basic properties, and provide a sketch of the equiv-
alence between the category of multiplicative vector fields on a bundle gerbe and
the category of infinitesimal symmetries of the underlying gerbe, and similarly for
multiplicative vector fields and infinitesimal symmetries that preserve a connective
structure. In Section 4, we review the 2-category of Lie 2-algebras used in this work,
and establish Theorem 4.6 characterizing the 3-curvature as the obstruction to the
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horizontal lift defining a morphism of Lie 2-algebras. We also introduce (Proposi-
tion 4.8) the Lie 2-algebra of connection-preserving multiplicative vector fields on
a bundle gerbe. In Section 5, we establish some results in 2-plectic geometry and
quasi-Hamiltonian geometry that are analogous to some classical results in sym-
plectic geometry. In particular, we show (Theorem 5.1) that the Lie 2-algebra of
multiplicative vector fields preserving the connective structure on a bundle gerbe
is quasi-isomorphic to the Poisson-Lie-2-algebra of the 2-plectic manifold (M,χ),
where χ denotes the 3-curvature of the connective structure. We end the paper
with a quasi-Hamiltonian analogue (Theorem 5.7) of a formula in symplectic geom-
etry due to Kostant.
2. Preliminaries and notation
Throughout this paper, all manifolds and maps between manifolds are assumed
to be smooth. We assume the reader has some familiarity with Lie groupoids,
though we recall some aspects next to establish notation. Recall that a Lie groupoid
G1 ⇒ G0 gives rise to a simplicial manifold G•: for k ≥ 2, write
Gk = G1 ×G0 G1 ×G0 · · · ×G0 G1︸ ︷︷ ︸
k factors
whose elements are k-tuples (g1, . . . , gk) of composable arrows (with s(gi) = t(gi+1)).
For 0 ≤ i ≤ k, let ∂i : Gk → Gk−1 be the face maps given by
∂i(g1, . . . , gk) =


(g2, . . . , gk) if i = 0
(g1, . . . , gigi+1, . . . , gk) if 0 < i < k
(g1, . . . , gk−1) if i = k.
For convenience, we set ∂0 = s and ∂1 = t onG1. The face maps satisfy the simplicial
identities
∂i∂j = ∂j−1∂i for i < j, (2.1)
and hence ∂ =
∑
(−1)i∂∗i defines a differential for the complexes Ω
k(G•), k ≥ 0.
In particular, for a surjective submersion, π : X → M , we may consider the
submersion groupoid X ×M X ⇒ X , and obtain the simplicial manifold X
[•+1],
where
X [n] = {(x1, . . . , xn) | π(x1) = · · · = π(xn)}.
As shown in [27], the following complexes are exact:
0 −→ Ωk(M)
π∗
−→ Ωk(X)
∂
−→ Ωk(X [2])
∂
−→ · · · (2.2)
Similarly, for proper Lie groupoids G1 ⇒ G0, the sequence
Ω0(G0)
∂
−→ Ω0(G1)
∂
−→ Ω0(G2)
∂
−→ · · ·
is exact [11].
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For a compact Lie group K acting on manifolds X and M , and a K-equivariant
surjective submersion π : X → M , there are natural K-equivariant analogues
of the above. Recall briefly that for a K-manifold M , the Cartan model of K-
equivariant differential forms is given by ΩK(M) = (S(g
∗) ⊗ Ω(M))K , the alge-
bra of K-equivariant polynomials α : g → Ω(M), with differential (dKα)(ξ) =
dα(ξ) − ιξMα(ξ). Here, ξM ∈ X(M) denotes the generating vector field for ξ ∈ g:
ξM(m) =
d
dt
|t=0 exp(−tξ) ·m. The map ∂ extends to K-equivariant forms, and the
K-equivariant version of (2.2) is also exact—see [36].
Finally, for a principal S1-bundle P → M , we identify Lie(S1) ∼= R and write ∂∂θ
for the generating vector field of the principal S1-action.
3. S1-gerbes over manifolds
This section employs multiplicative vector fields on Lie groupoids as infinitesimal
symmetries of S1-bundle gerbes, and introduces their connection-preserving coun-
terparts. After a brief review of S1-bundle gerbes, we consider some basic properties
of the category of multiplicative vector fields on bundle gerbes, showing that the
connection-preserving multiplicative vector fields form a full subcategory (Corollary
3.18). In Section 3.5, we sketch an equivalence of categories between (connection-
preserving) multiplicative vector fields on bundle gerbes (with connective structure)
and the category of (connection-preserving) infinitesimal symmetries of S1-banded
gerbes [9].
3.1. Bundle gerbes with connective structure. We review some elementary
aspects of S1-bundle gerbes over a manifold, following [30]. For a detailed introduc-
tion to bundle gerbes, we refer the reader to Murray’s original paper [27] as well
as [29] and [35].
Definition 3.1. LetM be a manifold. An S1-bundle gerbe (or simply, bundle gerbe)
G = (X,P, µ) over M consists of a surjective submersion π : X → M , a principal
S1-bundle P → X [2], and a bundle isomorphism µ : ∂∗2P ⊗ ∂
∗
0P → ∂
∗
1P over X
[3],
called the gerbe product, satisfying the associativity condition ∂∗1µ ◦ (∂
∗
3µ ⊗ id) =
∂∗2µ ◦ (id⊗ ∂
∗
0µ) over X
[4].
Definition 3.2. Let G = (X,P, µ) be a bundle gerbe over a manifold M . A con-
nection on G is a connection 1-form γ ∈ Ω1(P ) such that the bundle isomorphism
µ is connection-preserving: µ∗(∂ˆ∗1γ) = ∂ˆ
∗
2γ ⊗ ∂ˆ
∗
0γ, where ∂ˆj : ∂
∗
jP → P denotes the
natural map covering ∂j . A curving for the connection γ is a 2-form B ∈ Ω
2(X)
satisfying ∂B = curv(γ). We will call the pair (B, γ) a connective structure for G.
Since ∂dB = d∂B = dcurv(γ) = 0, there exists a unique closed form χ ∈ Ω3(M),
called the 3-curvature of the connective structure, satisfying π∗χ = dB.
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Example 3.3. The trivial bundle gerbe I overM is the bundle gerbe with π = idM ,
P = M × S1, and canonical gerbe product µ. For ω ∈ Ω2(M), Iω, is the bundle
gerbe I with trivial connection on M × S1 → M and curving ω. Note that the
3-curvature of this trivial connection with curving ω is dω. ⋄
Example 3.4. Let {Ui} denote a good open cover of a smooth manifold M , and
let X =
⊔
Ui → M denote the map whose restrictions Ui →֒ M are the inclusions.
Then we may identify X [2] =
⊔
Uij , where Uij denotes the intersection Ui ∩Uj (and
similarly for X [n] and n-tuples of indices, e.g., X [3] = ⊔Uijk). Suppose {gijk : Uijk →
S1} denotes a collection of smooth functions. Let P =
⊔
Uij × S
1 →
⊔
Uij and set
µ(x, z, w) = (x, zwgijk(x)),
where we are identifying x ∈ M with its copies in the Uij ’s. It’s straightforward to
see that µ defines a bundle gerbe product as in Definition 3.1, provided gijk defines
a Cˇech 2-cocycle. Denote the resulting bundle gerbe by Ggijk .
A connective structure on such a gerbe is thus specified by a collection {γij =
pr∗Aij + z
−1dz}, or more simply by the forms Aij ∈ Ω
1(Uij) that must satisfy
Ajk − Aik + Aij = g
−1
ijkdgijk on each Uijk, together with a collection Bi ∈ Ω
2(Ui)
satisfying Bj−Bi = dAij on each Uij . In other words, a bundle gerbe with connective
structure with respect to the covering {Ui} is specified by a Cˇech-Deligne 2-cocycle
(g, A,B) [6]. ⋄
Recall that a common refinement of two surjective submersions π : X → M
and π′ : X ′ → M is a surjective submersion ̟ : Y → M together with surjective
submersions λ : Y → X and ρ : Y → X ′ such that π ◦λ = ̟ = π′ ◦ ρ. For example,
the fibre product Y = X ×M X
′ is such a common refinement.
Definition 3.5. [30] Let G = (X,P, µ) and G ′ = (X ′, P ′, µ′) be bundle gerbes over
a manifold M . An isomorphism G 99K G ′ of bundle gerbes consists of a common
refinement Y → M of π and π′, together with a principal S1-bundle Q → Y and
an isomorphism of S1-bundles ϕ : ρ∗P ′⊗ ∂∗0Q→ ∂
∗
1Q⊗ λ
∗P over Y [2] satisfying the
coherence condition
(id⊗ λ∗µ) ◦ (∂∗2ϕ⊗ id) ◦ (id⊗ ∂
∗
0ϕ) = ∂
∗
1ϕ ◦ (ρ
∗µ′ ⊗ id)
over Y [3]. We will denote such an isomorphism by (Q,ϕ), or sometimes simply Q.
An isomorphism of bundle gerbes with connective structure (G, B, γ) 99K (G ′, B′, γ′)
is an isomorphism (Q,ϕ) as above, together with a connection 1-form γQ ∈ Ω
1(Q)
such that curv(γQ) = ρ
∗B′ − λ∗B and ϕ is connection-preserving. We will denote
such an isomorphism by (Q,ϕ, γQ), or sometimes simply (Q, γQ).
Example 3.6. In the literature, a trivialization of a bundle gerbe (G, B, γ) with
connective structure is sometimes presented as follows (e.g., see [29] or [25]). Let
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(Q, γQ) be a principal S
1-bundle with connection over X together with a connection-
preserving isomorphism ∂∗1Q
∗ ⊗ ∂∗0Q→ P satisfying
B − curv(γQ) = π
∗ω,
for some ω ∈ Ω2(M), sometimes called the error 2-form. It is straightforward to
repackage this data as an isomorphism (Q, γQ) : Iω 99K (G, B, γ). Note that such a
trivialization requires that the 3-curvature of (G, B, γ) equals dω. ⋄
Bundle gerbes on a manifold M are classified by their Dixmier-Douady class (or
DD-class) in H3(M ;Z), analogous to the Chern-Weil classification of principal S1-
bundles by their Chern class in H2(M ;Z). Moreover, the DD-class maps to the
cohomology class of the 3-curvature via the coefficient homomorphism H3(M ;Z)→
H3(M ;R) ∼= H3dR(M). For bundle gerbes on M with connective structure, the
classification takes values in the group of differential characters of degree 3 (e.g.,
see [23]).
Let G be a compact Lie group. For manifolds equipped with a smooth G-action,
there are various notions of equivariant bundle gerbes in the literature—see, for
instance, [25], [36], [28], [30]. Moreover, there are G-equivariant analogues of the
aforementioned classifications: G-equivariant bundle gerbes are classified by their G-
equivariant DD-class, while G-equivariant bundle gerbes with connective structure
are classified by G-equivariant differential characters.
Example 3.7. An important family of examples of bundle gerbes naturally occur
on Lie groups. Let G be a compact simple Lie group, with an invariant inner product
〈−,−〉 on its Lie algebra g. Let θL and θR denote the left and right invariant Maurer-
Cartan forms. Let η = 1
12
〈θL, [θL, θL]〉 denote the Cartan 3-form, and recall that η
has an equivariant extension ηG(ξ) = η +
1
2
〈θL + θR, ξ〉 ∈ Ω3G(G), with respect to
the conjugation action. For certain choices of inner product (parameterized by the
so-called level), there are a number of explicit constructions in the literature of a
bundle gerbe with connective structure (G, B, γ) over G whose 3-curvature is η, as
well as G-equivariant versions—e.g., see [25], [14] and [21]. ⋄
3.2. Bundle gerbes as S1-central extensions. Bundle gerbes may be recast as
S1-central extensions of Lie groupoids. This interpretation is briefly reviewed next.
Given a bundle gerbe G = (X,P, µ), we consider the Lie groupoid P ⇒ X , with
source and target maps, s = π0 := ∂0 ◦ πP and t =: π1 = ∂1 ◦ πP , respectively,
where πP : P → X
[2] denotes the bundle projection. The groupoid multiplication
m : P ×X P → P (also denoted by ·) is induced by the gerbe product,
µ(x, y, z; p⊗ q) = (x, y, z;m(p, q)),
as are the unit ǫ : X → P and inverse i : P → P , by setting
µ−1(x, x, y; p) = (x, x, y; ǫ(x)⊗ p), and µ−1(x, y, x; ǫ(x)) = (x, y, x; p⊗ i(p))
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for all p ∈ P lying over (x, y) ∈ X [2]. In this viewpoint, we see that P ⇒ X is
an S1-central extension of the submersion groupoid X [2] ⇒ X . That is, the bundle
projection P → X [2] is a morphism of Lie groupoids,
P
 
// X [2]
 
X X
and the S1-action on P is compatible with the groupoid multiplication:
(zp) · (wq) = (zw)(p · q)
for all composable p, q ∈ P and z, w ∈ S1.
Suppose (B, γ) defines a connective structure on G. Then π∗P∂B = dγ, where
recall ∂ denotes the simplicial differential on X [•+1]. Letting δ denote the simplicial
differential on P•, the simplicial manifold associated to P ⇒ X , we have δB = dγ.
Also, since the bundle isomorphism µ is connection-preserving, we see that δγ = 0.
In other words, γ is multiplicative: m∗γ = pr∗1γ + pr
∗
2γ.
Remark 3.8. (Notation) Throughout the paper, we shall use ∂ and δ to distinguish
between the simplicial maps of X [•+1] and P•, respectively, as in the preceding
paragraph.
3.3. Multiplicative vector fields on bundle gerbes. Recall from [24] that a
multiplicative vector field on a Lie groupoid G = {G1 ⇒ G0} is a functor ξ : G →
TG such that πG ◦ ξ = idG. Such a functor ξ is therefore given by a pair of vector
fields (ξ0, ξ1) ∈ X(G0)×X(G1) that must be compatible with units and the groupoid
multiplications on G and TG. The collection of multiplicative vector fields on G
are the objects of a category X(G), whose morphisms are natural transformations
η : ξ ⇒ ξ′ satisfying πG(η(x)) = ǫ(x) for every object x ∈ G0, where ǫ : G0 → G1
denotes the unit map [16].
Let us now specialize to the Lie groupoid P = {P ⇒ X} associated to a bundle
gerbe (X,P, µ). Consider a multiplicative vector field (ξ˜, ξˇ) on P. Since (ξ˜, ξˇ) defines
a functor, we have that ξˇ ∼πj ξ˜ for j = 0, 1, and hence dπ(ξ˜(x)) = dπ(ξ˜(y)) for all
(x, y) ∈ X [2]. Hence ξ˜ descends to a vector field ξ on M .
Moreover, (ξ˜, ξ˜) defines a vector field on X [2], and similarly on X [n] for any n > 1;
denote such vector fields by ξ˜[n]. In particular, we have that ξˇ ∼πP ξ˜
[2]. Similarly,
there is a naturally defined vector field (ξˇ, ξˇ) on P ×X P (denoted by ξˇ ∗ ξˇ in [24])
such that (ξˇ, ξˇ) ∼m ξˇ and hence (ξˇ, ξˇ) ∼δj ξˇ for j = 0, 1, 2.
Proposition 3.9. Let G = (X,P, µ) be a bundle gerbe, and let (ξ˜, ξˇ) be a multi-
plicative vector field on the corresponding Lie groupoid P ⇒ X.
(1) The vector field ξˇ is S1-invariant.
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(2) ξˇ ∼πj ξ˜ for j = 0, 1.
(3) ξˇ2 ⊗ ξˇ0 ∼µ ξˇ1, where ξˇj denotes the vector field on ∂
∗
jP induced by (ξ˜
[3], ξˇ).
Moreover, any pair of vector fields (ξ˜, ξˇ) ∈ X(X)×X(P ) satisfying the above condi-
tions is a multiplicative vector field on P ⇒ X.
Proof. To show (1), we verify that [ ∂
∂θ
, ξˇ] = 0. Choose a connection γ as in Definition
3.2. Since [ ∂
∂θ
, ξˇ] is vertical, it suffices to show ι[ ∂
∂θ
,ξˇ]γ = 0. Note that since δγ = 0,
it follows that διξˇγ = 0 and since P is proper there exists g : X → R such that
δg = ιξˇγ, which is S
1-invariant. Hence ι[ ∂
∂θ
,ξˇ]γ = L ∂
∂θ
ιξˇγ − ιξˇL ∂
∂θ
γ = L ∂
∂θ
δg = 0, as
required.
Statement (2) has already been established, and (3) is a straightforward con-
sequence of (1) and the discussion preceding the proposition. To verify the last
statement, it is straightforward to see that conditions (2) and (3) show that (ξ˜, ξˇ)
defines a functor, provided it respects the unit maps. It thus suffices to check that
dǫ(ξ˜)(x) = ξˇ(ǫ(x)), which follows immediately from (2) and the observation that ǫ
is a section of πj (for j = 0 or 1). 
Example 3.10. Consider a multiplicative vector field (ξ˜, ξˇ) on a bundle gerbe P
given in terms of Cˇech data, as in Example 3.4. In this case, we have that ξ˜
is specified by a collection of local vector fields ξi on Ui and by the paragraph
preceding Proposition 3.9, ξi
∣∣
Uij
= ξj
∣∣
Uij
for all i, j and thus the local vector fields
are restrictions of a vector field ξ on M . Denote the restriction of ξ to Ui1,i2,... by
ξi1,i2,....
The vector field ξˇ must take the form (ξij(x), fij(x, z)), where fij(x, z) ∈ R is the
component in the S1 direction (where we implicitly trivialize the tangent bundle of
S1). By Proposition 3.9 (1), the functions fij are independent of z ∈ S
1; hence we
abuse notation and write fij : Uij → R. The composition
ξi(x) ξj(x)
(ξij ,fij(x))
xx
ξk(x)
(ξjk ,fjk(x))
xx
in the tangent groupoid TP ⇒ TX is (ξjk, fik(x)), as ξˇ is multiplicative. By def-
inition, this composition is obtained by applying the tangent map of the gerbe
multiplication. Therefore,
fik = g
−1
ijkdgijk(ξ) + fij + fjk, (3.1)
on Uijk.
In [9], Collier studies the infinitesimal symmetries of an S1-gerbe considered as a
stack over M . In this context, the author defines a category Lgijk of infinitesimal
symmetries of the gerbe with Cˇech cocyle gijk. The objects of this category are
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given by pairs (ξ, {−fij}) consisting of a vector field ξ on M and a collection of
functions fij satisfying (3.1). ⋄
In [5], the authors show that the category X(G) of multiplicative vector fields
on a Lie groupoid G is a category internal to the category of vector spaces (i.e., a
2-vector space in the language of [2]). In fact, they show it is a Lie 2-algebra—we
shall return to this in Section 4. Though we are mainly interested in the case of
Lie groupoids P ⇒ X arising from bundle gerbes, there is no added difficulty in
describing the morphisms in the general case, as we recall next, following [5].
For a general Lie groupoid G, morphisms of multiplicative vector fields are given
by sections of the Lie algebroid A → G0 of G. (We shall implicitly make use of
the equivalence of categories between 2-term chain complexes and 2-vector spaces—
see [5, Remark 2.9] and [2].) To review some of the details, recall that the Lie
algebroid A = ker ds
∣∣
G0
, with anchor ρ = dt : A→ TG0.
A section a ∈ Γ(A) gives rise to a morphism of multiplicative vector fields as
follows. Let a˜ = dt(a) and aˇ = −→a +←−a , where −→a (g) = dRg(a(t(g))) and
←−a (g) =
d(Lg ◦ i)(a(s(g))). (Here, for g ∈ G1, Lg and Rg denote left and right multiplication
by g, and i : G1 → G1 denotes inversion.) It follows that (a˜, aˇ) is a multiplicative
vector field [24, Example 3.4], and we may view a as a morphism a : (ξ˜, ξˇ)→ (ζ˜ , ζˇ)
whenever (ζ˜ , ζˇ)− (ξ˜, ξˇ) = (a˜, aˇ), with addition as composition.
Below we record some additional facts about multiplicative vector bundles for
the case of bundle gerbes that we will use in Section 4. In particular, we see from
Proposition 3.12 (4) that the multiplicative vector fields isomorphic to the zero
vector are lifts of the zero vector on M .
Lemma 3.11. Let (X,P, µ) be a bundle gerbe over M with connection (B, γ). Let
a ∈ Γ(AP ), where AP → X denotes the Lie algebroid of the corresponding Lie
groupoid P ⇒ X. Set va = ǫ
∗ι−→a γ. Then ιaˇγ = −δva.
Proof. The proof is a straightforward computation that uses the multiplicativity of
the connection form γ. Indeed, for p ∈ P , we have
(ι−→a γ)(p) = γpdRp(a(t(p)))
= γǫ(t(p))pdRp(a(t(p)))
= γǫ(t(p))(a(t(p)))
= va((t(p))).
Similarly, (ι←−a γ)(p) = −va(s(p)), as required. 
Proposition 3.12. Let (X,P, µ) be a bundle gerbe over M with connection (B, γ),
and let AP denote the Lie algebroid of P.
(1) For any g : X → R, a = g ∂
∂θ
∣∣
X
defines a section of AP with aˇ = (δg)
∂
∂θ
.
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(2) Let (ξ˜, ξˇ) be a multiplicative vector field. If ξ˜ ∼π 0, then there exists a section
a ∈ Γ(AP ) with (ξ˜, ξˇ) = (a˜, aˇ).
Proof. The first item is straightforward. To verify (2), it suffices to consider the case
that ξˇ is horizontal, which is done next. Let a = Liftγ(ξ˜, 0)
∣∣
X
denote the restriction
of the horizontal lift of (ξ˜, 0) on X [2] to P . Since a˜ = ξ˜, it remains to check aˇ = ξˇ.
By Lemma 3.11, aˇ is horizontal, and it is straightforward to check that aˇ ∼πP (ξ˜, ξ˜).
Therefore, aˇ = ξˇ, as required. 
Example 3.13. Consider, as in Examples 3.4 and 3.10 , a bundle gerbe P given by
Cˇech data. The Lie algebroid AP in this case consists of vectors in
⊔
TUi × TS
1 of
the form (0, u). Therefore, we may identify a section a ∈ Γ(AP ) with a collection of
functions a = {ui : Ui → R} that record the vertical components. Hence a˜ = 0, and
a straightforward computation shows that (after identifying vertical vectors with
functions) aˇ = {uj − ui}. These are the morphisms of the category Lgijk in [9]. ⋄
3.4. Multiplicative vector fields on bundle gerbes with connective struc-
ture. Let G = (X,P, µ) be a bundle gerbe over M with connective structure (B, γ).
In this Section, we introduce the category of multiplicative vector fields on the
corresponding groupoid P ⇒ X that preserve the connective structure.
We begin with the following Proposition, which gives an interpretation of what
the connective structure (B, γ) on G measures in terms of multiplicative vector fields,
analogous to the interpretation given in [9, Section 9].
Proposition 3.14. Let G = (X,P, µ) be a bundle gerbe over M with connective
structure (B, γ). Let ξ˜ and ζ˜ be vector fields on X that are lifts of vector fields ξ
and ζ on M .
(1) Let Liftγ ξ˜
[2] be the horizontal lift of ξ˜[2] to P with respect to γ. Then (ξ˜,Liftγ ξ˜
[2])
is a multiplicative vector field.
(2) Let g = ιξ˜ιζ˜B and a = g
∂
∂θ
∣∣
X
∈ Γ(AP ). Then a defines an isomorphism
([ξ˜, ζ˜], [Liftγ ξ˜
[2],Liftγ ζ˜
[2]]) −→ ([ξ˜, ζ˜],Liftγ [ξ˜, ζ˜]
[2])
of multiplicative vector fields.
Proof. To verify (1), observe that the first two items of Proposition 3.9 are easily
checked for (ξ˜,Liftγ ξ˜
[2]). It remains to check compatibility with the groupoid multi-
plication. This follows from the observation that the product of horizontal vectors
in TP is horizontal, since the connection γ is multiplicative.
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To verify (2), we note
δg = διξ˜ιζ˜B
= ιLiftγ ξ˜[2] ιLiftγ ζ˜[2]δB
= ιLiftγ ξ˜[2] ιLiftγ ζ˜[2]dγ
= ι[Liftγ ξ˜[2],Liftγ ζ˜[2]]γ
Therefore, by Proposition 3.12 (3), a ∈ Γ(AP ) satisfies
(a˜, aˇ) = (0, [Liftγ ξ˜
[2],Liftγ ζ˜
[2]]− Liftγ [ξ˜, ζ˜]
[2]),
as required. 
Let (ξ˜, ξˇ) be a multiplicative vector field on a bundle gerbe G = (X,P, µ) over
M with connective structure (B, γ). In Definition 3.15 below, we propose what it
means for (ξ˜, ξˇ) to preserve the connective structure. To give a heuristic motiva-
tion for the definition, suppose we are given a diffeomorphism F : M → M . A
bundle gerbe morphism covering F is a Morita morphism—that is, an isomorphism
(Q, γQ) : (G, B, γ) 99K (G, F˜
∗B, Fˇ ∗γ) of bundle gerbes with connection. (Note that
F ∗G is naturally isomorphic to G since F is a diffeomorphism.) Let us take such
an isomorphism to be of the form Q = X × S1, γQ = π
∗
Qα + dθ, where α ∈ Ω
1(X).
Hence,
F˜ ∗B − B = dα and Fˇ ∗γ − γ = δα.
Thinking of F˜ and Fˇ as the flows of ξ˜ and ξˇ, respectively, we arrive at the Definition
below.
Definition 3.15. Let (ξ˜, ξˇ) be a multiplicative vector field on a bundle gerbe G =
(X,P, µ) over M with connective structure (B, γ). We say (ξ˜, ξˇ) preserves (B, γ) if
there exists a 1-form α ∈ Ω1(X) such that
Lξ˜B = dα and Lξˇγ = δα. (3.2)
Remark 3.16. One could also consider multiplicative vector fields (ξ˜, ξˇ) on a bundle
gerbe G that preserve a connection γ (without necessarily preserving a curving). In
this case, α is required to satisfy only the condition Lξˇγ = δα from (3.2).
Proposition 3.17. Let G = (X,P, µ) be a bundle gerbe over M with connective
structure (B, γ), and let a ∈ Γ(AP ). The multiplicative vector field (a˜, aˇ) preserves
(B, γ).
Proof. Let α = ιa˜B − dva, and use Lemma 3.11 and the equality δB = dγ to check
that La˜B = dα, and Laˇγ = δα. 
Corollary 3.18. Let (X,P, µ) be a bundle gerbe over M with connective structure
(B, γ). There is a category X(P;B, γ) whose objects are pairs (ξ˜, ξˇ;α) ∈ X(P)0 ×
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Ω1(X) satisfying equation (3.2), and whose morphisms are sections a ∈ Γ(AP ):
a : (ξ˜, ξˇ;α)→ (ζ˜ , ζˇ; β), iff (ζ˜ , ζˇ; β)− (ξ˜, ξˇ;α) = (a˜, aˇ, ιa˜B − dva).
Moreover, the forgetful functor X(P;B, γ) −→ X(P) is full and faithful.
Example 3.19. Consider the trivial bundle gerbe Iω with trivial connection and
curving ω. A multiplicative vector field is simply a vector field on M . Indeed, for
a multiplicative vector field, the component on P = M × S1 must be the trivial
lift of a vector field ξ on M , since its vertical component would (by virtue of being
multiplicative) define a continuous homomorphism S1 → R, which must be trivial.
Therefore, a multiplicative vector field (ξ, ξ+0) on P ⇒ M preserves the connective
structure if and only Lξω is exact. ⋄
Example 3.20. Continuing from Examples 3.10 and 3.13, let (ξij, fij) be a mul-
tiplicative vector field on the bundle gerbe P given in terms of Cˇech data. Let
({Bi}, {Aij}) be a collection of 2-forms on the Ui and 1-forms on the Uij that spec-
ify a connective structure on P , and suppose that (ξij, fij) preserves the connective
structure. Then there exists a collection of 1-forms ai ∈ Ω
1(Ui) satisfying
pr∗(aj − ai) = Lξij+pr∗fij ∂∂θ
(pr∗Aij + dθ)
= pr∗LξijAij + Lpr∗fij ∂∂θ
dθ
= pr∗(LξijAij + df)
on Uij . That is,
aj − ai = LξijAij + df. (3.3)
In [9], Collier defines the category L(gijk,Aij) whose objects (ξ, {−fij}, {−ai}) are
triples consisting of a vector field ξ on M , functions fij satisfying (3.1), and 1-
forms ai satisfying (3.3), as well as a (full) subcategory L(gijk,Bi,Aij) whose objects
satisfy the additional constraint LξBi = dai (i.e., infinitesimal symmetries that pre-
serve the connection and the curving). As in Example 3.13, the morphisms are
given by collections of functions {ui : Ui → R}, which, as noted in that Example,
correspond to sections a of the underlying Lie algebroid. Therefore, {ui} is a mor-
phism (ξ, {−fij}, {−ai}) −→ (ξ, {−gij}, {−bi}) if and only if fij − gij = uj − ui and
bi − ai = dui, and we recover the category of connection-preserving infinitesimal
symmetries from op. cit. ⋄
3.5. Multiplicative vector fields on bundle gerbes as infinitesimal symme-
tries of the underlying gerbe. By the discussion in Examples 3.10 and 3.13,
the category of multiplicative vector fields on a bundle gerbe Ggijk over a manifold
M , given in terms of a Cˇech cocycle {gijk} associated to an open cover {Ui} of M ,
coincides with the category Lgijk of infinitesimal symmetries of the gerbe as defined
by Collier in [9]. A similar discussion in Example 3.20 considers infinitesimal sym-
metries that preserve the connective structure of the gerbe. In this section, we verify
more generally that the category of multiplicative vector fields X(P) on a bundle
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gerbe G = (X,P, µ) is equivalent to the category LG in op. cit. of infinitesimal sym-
metries of the underlying gerbe (i.e., viewed as a stack over M), in the perspective
of op. cit. A similar equivalence of categories incorporating a connective structure
on G is also given.
The purpose of this section is to connect our work to Collier’s notion of infinites-
imal symmetries of gerbes. In the interest of brevity, and since the content of this
section is not used elsewhere in the paper, this section assumes a familiarity with
the presheaf of groupoids (i.e., stack) viewpoint of S1-gerbes (e.g., as in Brylinski’s
book [6]). We shall follow Collier’s notation closely, and review some elements in [9]
to state our results precisely in that context.
To begin, recall how a bundle gerbe G = (X,P, µ) over M gives rise to a gerbe,
which by abuse of notation will also be denoted by G. For each open set U ⊂ M ,
G(U) is the category of local trivializations of the bundle gerbe restricted to U . More
precisely, objects of G(U) are pairs (Q, φ) consisting of an S1-bundle πQ : Q→ XU =
π−1(U) together with a bundle isomorphism φ : ∂Q = ∂∗1Q
∗ ⊗ ∂∗0Q→ PU = P
∣∣
X
[2]
U
,
satisfying a compatibility condition with bundle gerbe product µ (cf. Definition 3.5).
A morphism (Q, φ) → (Q′, φ′) is given by a bundle isomorphism u : Q → Q′ that
is compatible with φ and φ′, φ ◦ ∂u = φ′. The resulting presheaf of groupoids G is
seen to be a stack ; moreover, it naturally has band equal to the sheaf of S1-valued
functions on M . That is, G is an S1-(banded) gerbe (see [35] for details).
Infinitesimal symmetries of S1-gerbes. Let RM and S
1
M denote the sheaves of smooth
real and circle valued functions on M , respectively. For a vector field ξ on M and a
function g : M → S1, let ιξd log(g) = ιξg
−1dg, which defines a morphism of sheaves
ιξd log : S
1
M → RM .
Given a vector field ξ on M , Collier defines a category LG(ξ) whose objects are
infinitesimal symmetries of an S1-gerbe G that lift ξ. Specifically, an object in
LG(ξ) is a morphism of gerbes (i.e., a morphism of presheaves or a pseudo-natural
transformation)
F : G → BRM ,
intertwining the morphisms of sheaves, −ιξd log. Here, BRM denotes the trivial
gerbe with band RM = C
∞(M,R): given an open set U ⊂ M , BRM(U) is the
category of RU -torsors. In particular, we obtain a family of functors FU : G(U) →
BRM(U) (or simply F when the underlying open set U is understood) such that for
all objects Q in G(U), F (Q) is an RU -torsor; moreover, for all morphisms u : Q→ Q,
and all g : U → S1, F (u) : F (Q)→ F (Q) satisfies F (u · g) = F (u)− ιξg
−1dg.
A morphism F ⇒ F ′ of infinitesimal symmetries lifting ξ is a modification of
the underlying pseudo-natural transformations. In particular, such a morphism is
specified by a map of RU -torsors T : F (Q)→ F
′(Q) for every object Q in G(U). Let
LG denote the category whose objects consist of the collection infinitesimal lifts F
of vector fields ξ on M as above, and whose morphisms are exactly those in LG(ξ)
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described above (i.e., there are no morphisms between infinitesimal lifts of different
vector fields on M). Theorem 3.22 below shows LG is equivalent to the category of
multiplicative vector fields X(P).
Lemma 3.21. Let π : X → M be a surjective submersion, let πQ : Q → X be
a principal S1-bundle, and let ∂Q = ∂∗1Q
∗ ⊗ ∂∗0Q → X
[2] and (X, ∂Q, µ) be the
resulting canonically trivialized bundle gerbe. Let a ∈ Γ(A∂Q), and recall a˜ = dt(a),
and aˇ = −→a +←−a .
(1) There is a unique vector field â ∈ X(Q)S
1
such that the section a is of the
form a(x) = [(a˜(x), 0, â(q), 0)], where πQ(q) = x.
(2) aˇ(x1, x2, q1 ⊗ q2) = [(a˜(x1), a˜(x2), â(q1), â(q2))] for all (x1, x2, q1 ⊗ q2) ∈ ∂Q.
(3) Let γQ denote a connection form on Q → X, inducing a bundle gerbe con-
nection ∂γQ on ∂Q. Then π
∗
Qva = −ιâγQ.
Proof. We begin by reviewing elementary aspects of the Lie algebroid A∂Q. For a
point q = (x1, x2, q1 ⊗ q2) ∈ ∂Q, where (x1, x2) ∈ X
[2] and πQ(qi) = xi, vectors
in Tq∂Q may be represented by equivalences classes v = [(u1, u2, v1, v2)] where
ui ∈ TxiX , vi ∈ TqiQ satisfy dπ(u1) = dπ(u2) and dπQ(vi) = ui for i = 1, 2.
For v ∈ ker ds, where s(q) = x2 is the source map of ∂Q ⇒ X , then u2 = 0. Thus
there exists a unique representative for v of the form v = [(u1, 0, w, 0)]. Therefore,
letting s˜ : ∂∗1Q
∗ ×X[2] ∂
∗
0Q → X and ∂˜1 : ∂
∗
1Q
∗ ×X[2] ∂
∗
0Q → Q denote the maps
s˜(x1, x2, q1, q2) = x2 and ∂˜1(x1, x2, q1, q2) = q2, respectively, we see that the map
(ker ds˜ ∩ ker d∂˜1)
∣∣
Q
−→ Q×X A∂Q
(x, x, q, q; u, 0, w, 0) 7−→ (q; x, x, q ⊗ q; [u, 0, w, 0])
is a diffeomorphism.
To prove (1), let a ∈ Γ(A∂Q). We obtain the vector field â ∈ X(Q) as the
composition
Q
(id,a◦πQ)
// Q×X A∂Q // (ker ds˜ ∩ ker d∂˜1)
∣∣
Q
pr
// TQ.
The vector field â is S1-invariant:
[(a˜(x), 0, â(q · z), 0)] = [(a˜(x), 0, â(q), 0)] = [(a˜(x), 0, dRz â(q), 0)].
Item (2) is a straightforward calculation. Similarly, since −→a (x1, x2, q1 ⊗ q2) =
[(a˜(x1), 0, â(q1), 0)], and the induced connection on the bundle gerbe ∂Q is ∂γQ =
∂∗1γ
∗
Q ⊗ ∂
∗
0γQ, we see that for q ∈ Q,
va(πQ(q)) = (∂γQ)(πQ(q),πQ(q);q⊗q)[(a˜(πQ(q)), 0, â(q), 0)]
= −(γQ)q(â(q)),
as required. 
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Theorem 3.22. Let G = (X,P, µ) be a bundle gerbe over M . There is an equiva-
lence of categories X(P)→ LG.
Proof. We construct the functor X(P) → LG directly and provide a sketch that it
is an equivalence of categories. Let ξ = (ξ˜, ξˇ) be a multiplicative vector field that
descends to a vector field ξ on M . Let Fξ : G → BRM be given as follows. To each
object (Q, φ) in G(U), let
Fξ(Q) = {ξ̂ ∈ X(Q)
S1 | ξ̂ ∼πQ ξ˜
∣∣
XU
, and dφ(δξ̂) = ξˇ
∣∣
PU
}
be the corresponding RU -torsor. Here, using the S
1-invariance of ξ̂, δξ̂ denotes the
vector field on ∂∗0Q⊗ ∂
∗
1Q induced from (ξ˜, ξ̂) on each factor ∂
∗
iQ, i = 0, 1.
Let a ∈ Γ(AP ), and let aU ∈ Γ(APU ) denotes its restriction to XU . Observe that
φ : ∂Q→ PU induces a Lie groupoid isomorphism
∂∗0Q⊗ ∂
∗
1Q
φ
//
 
PU
 
XU XU
and hence we may view aU as a section of the Lie algebroid of ∂Q ⇒ XU . The
section aU gives rise to an S
1-invariant vector field â on Q, as in Lemma 3.21, which
satisfies â ∼πQ a˜
∣∣
XU
, and dφ(δâ) = aˇ
∣∣
PU
.
Viewing a : (ξ˜, ξˇ) → (ζ˜ , ζˇ) as a morphism in X(P), the vector fields â from the
previous paragraph give rise to a morphism Ta : Fξ ⇒ Fζ . Specifically, for each
(Q, φ) ∈ G(U), we obtain a map of RU -torsors Ta : Fξ(Q) → Fζ(Q), by setting
Ta(ξ̂) = ξ̂ + â. Hence, we obtain a functor X(P)→ LG .
To show that the functor constructed above is an equivalence of categories, note
first that, by [9, Corollary 6.1.8 (2)], it is immediate that the functor is essentially
surjective. Faithfulness follows from the uniqueness of the vector field â, as in
Lemma 3.21. To see that the functor is full, suppose we are given an equivalence of
lifts T : Fξ(Q)→ Fζ(Q). There exists a
′ ∈ Γ(AP ) with (a˜′, aˇ′) = (ζ˜ − ξ˜, ζˇ − ξˇ), and
the collection of such sections a′ is a torsor for C∞(M) (i.e., sections of the isotropy
Lie algebra)—this follows from Prop 3.12 (3) and (4) and the exact sequence 2.2.
For ξ̂ ∈ Fξ(Q), T (ξ̂)−Ta′(ξ̂) is an S
1-invariant lift of 0 (restricted to XU), which may
thus identify with a (basic) function f : U → R that records its vertical component.
Since dφ(δ(T (ξ̂) − Ta′(ξ̂))) = 0, δf = 0, and we have that such functions patch
together to give a global function g : M → R. Letting a = a′ + (π∗g) ∂
∂θ
, it is
straightforward to check that T = Ta, as required. 
Infinitesimal symmetries of S1-gerbes preserving a connective structure. Recall that
for an S1-gerbe G, viewed as a presheaf of groupoids, a connection on G is a morphism
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of gerbes A : G → BΩ1M intertwining the morphism of sheaves −d log : S
1
M → Ω
1
M .
Here, BΩ1M denotes the trivial gerbe with band Ω
1
M : specifically, given an open set
U ⊂ M , Ω1M(U) is the category of Ω
1
U -torsors. In particular, we obtain a family
of functors AU : G(U) → BΩ
1
M(U) (or simply A when the underlying open set U
is understood) such that for all objects Q ∈ G(U), A(Q) is a Ω1U -torsor; moreover,
for all morphisms u : Q → Q, and all g : U → S1, A(u) : A(Q) → A(Q) satisfies
A(u·g) = A(u)−d log g. A curving K for the connection A assigns to eachQ ∈ G(U)
and each γ ∈ A(Q), a 2-form K(γ) ∈ Ω2(U). This assignment is compatible with
restrictions of open subsets, and morphisms u : Q → Q′—that is, K((A)(u)(γ)) =
K(γ). Moreover, K is Ω1(U)-equivariant: for all α ∈ Ω1(U), K(γ ·α) = K(γ) + dα.
We will call the pair (A, K) a connective structure for G.
Observe that for an S1-gerbe G associated to a bundle gerbe (X,P, µ), a connective
structure (B, γ) for the bundle gerbe gives rise to a connective structure in the sense
described above. Namely, for U ⊂M and (Q, φ) ∈ G(U), we set
A(Q) = {connection 1-forms γQ ∈ Ω
1(Q) : φ∗(γ|PU ) = ∂γQ},
where ∂γQ = ∂
∗
1γ
∗
Q⊗ ∂
∗
0γQ is the induced connection on ∂Q. The curving K is then
obtained as follows: observe that ∂curv(γQ) = curv(γ|PU ) = ∂B|U and hence there
exists a unique 2-form K(γQ) satisfying π
∗K(γQ) = curv(γQ) − B|U . Note that it
follows that dK(γQ) = −χ|U .
In [9,10], Collier defines categories L(G,A) and L(G,A,K) of infinitesimal symmetries
of G that preserve the connection and the connective structure, respectively. Recall
that an infinitesimal symmetry lifting ξ ∈ X(M) that preserves the connection A,
also called a connective lift of ξ, is a pair (F,Θ) consisting of an infinitesimal lift
F : G → BRM in LG(ξ) and a (2-)morphism Θ for the diagram:
G
A
//
F

✞✞✞✞ Θ
BΩ1M
L−ξ[ ]

BRM
−d[ ]
// BΩ1M
That is, Θ is a modification for the two composite pseudo-natural transformations
represented in the diagram. Recall that in this context, −d[ ] : BRM → BΩ
1
M may
be described as follows: for each open set U ⊂ M we obtain a family of functors
BRM(U) → BΩ
1
M(U) associating to each RU -torsor, the Ω
1
U -torsor associated to it
via −d : C∞(U) → Ω1(U). That is, for any open V ⊂ U and any C∞(V )-torsor A
over V , −d[A] = (A×Ω1(V ))/ ∼, where by definition (a · f, µ) ∼ (a, µ− df) for any
f : V → R. The map L−ξ[ ] may be described similarly.
A connection-preserving multiplicative vector field (ξ˜, ξˇ;α) ∈ X(P;B, γ) naturally
gives rise to a connective lift (Fξ,Θ(ξ,α)) as follows. The infinitesimal symmetry Fξ
is as above. To describe Θ(ξ,α), we define for each U ⊂M and (Q, φ) ∈ G(U), a map
of Ω1(U)-torsors Θ(ξ,α)(Q) : L−ξ[A(Q)] → −d[Fξ(Q)]. To that end, since διξˇγ = 0,
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there exists a function g ∈ C∞(X) satisfying ιξˇγ = δg, and we may set
ξ̂g = LiftγQ(ξ˜) + (π
∗
Qg|XU )
∂
∂θ
∈ Fξ(Q).
Since δ(α − ιξ˜ B − dg) = 0, there exists a unique 1-form εg ∈ Ω
1(M) such that
π∗εg = α− ιξ˜ B − dg. Now for [(γQ, τ)] ∈ L−ξ[A(Q)], let
Θ(ξ,α)(Q)[(γQ, τ)] = [(ξ̂g, τ − ιξK(γQ)− εg)].
Observe that the above map is independent of the choice of g: any other such choice
g′ must be of the form g′ = g+π∗h for some h ∈ C∞(M), which yields εg′ = εg−dh,
and ξ̂g′ = ξ̂g+(π
∗
Qπ
∗h|XU )
∂
∂θ
. Hence, (ξ̂g′, τ−ιξK(γQ)−εg′) ∼ (ξ̂g, τ−ιξK(γQ)−εg).
To check Θ(ξ,α)(Q) is well-defined,
Θ(ξ,α)(Q)[(γQ + π
∗
Qπ
∗ν, τ + Lξν)]
= [(ξ̂g − π
∗
Qπ
∗ιξν
∂
∂θ
, τ + Lξν − ιξK(γQ + π
∗
Qπ
∗ν)− εg)]
= [(ξ̂g, τ + Lξν − ιξ(K(γQ) + dν)− εg − dιξν)]
= Θ(ξ,α)(Q)[(γQ, τ)].
A connective lift (F,Θ) preserves the curving K if for each (Q, φ) ∈ G(U) and
each γ ∈ A(Q),
dΘ(Q)(γ) = −LξK(γ).
In this context, recall that if we write Θ(Q)[(γ, 0)] = [(ξ̂, µ)], then dµ ∈ Ω2(U) is well-
defined, and hence we set dΘ(Q)(γ) = dµ. Therefore, continuing from the above dis-
cussion, the connective lift (Fξ,Θ(ξ,α)) associated to (ξ˜, ξˇ;α) ∈ X(P;B, γ) preserves
the curving K if d(−ιξK(γQ)− εg) = −LξK(γQ), or equivalently dεg = ιξdK(γQ).
Since dK(γQ) = −χ|U , we see that (Fξ,Θ(ξ,α)) preserves the curving if ξ is Hamil-
tonian, with Hamiltonian 1-form εg.
A morphism (F,Θ)⇒ (F ′,Θ′) of connective lifts is a so-called connective equiva-
lence; i.e., a morphism of F ⇒ F ′ of the underlying infinitesimal symmetries that is
compatible with Θ and Θ′. A morphism of connective lifts that preserve the curving
is simply a morphism of the underlying connective lifts. (cf. [10, Definition 4.1.16]).
For a morphism a : (ξ˜, ξˇ;α) → (ζ˜ , ζˇ; β) of multiplicative vector fields preserving
the connective structure, we may associate a morphism Ta : Fξ ⇒ Fζ , as in the proof
of Theorem 3.22. It is straightforward to see that Ta is compatible with Θ(ξ,α) and
Θ(ζ,β). In this context, compatibility amounts to the commutativity of the following
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diagram,
L−ξ[A(Q)]
Θ(ξ,α)
//
Θ(ζ,β) ''◆◆
◆◆◆
◆◆◆
◆◆◆
−d[Fξ(Q)]
−d[Ta]

−d[Fζ(Q)]
Before this is verified, we first choose g ∈ C∞(X) satisfying ιξˇγ = δg, and set
h = g − va. Then, it is easy to see that εg = εh ∈ Ω
1(M) (as defined earlier).
Moreover, by Lemma 3.21 (3), we have ζ̂h = ξ̂g + â. Therefore,
−d[Ta] ◦Θ(ξ,α)[(γQ, τ)] = −d[Ta][(ξ̂g, τ − ιξK(γQ)− εg)]
= [(Ta(ξ̂g), τ − ιξK(γQ)− εg)]
= [(ζ̂h, τ − ιξK(γQ)− εh)]
= Θ(ζ,β)[(γQ, τ)],
as required.
Similar to Theorem 3.22, we see that the above discussion describes a functor
X(P; γ)→ L(G,A), which is an equivalence of categories.
Theorem 3.23. Let G = (X,P, µ) be a bundle gerbe over M . There is an equiva-
lence of categories X(P; γ)→ L(G,A), which restricts to an equivalence of categories
X(P;B, γ)→ L(G,A,K).
Proof. That the functor X(P; γ) → L(G,A) is full and faithful is straightforward. It
remains to show it is essentially surjective.
Let (F,Θ) be a connective lift of some vector field ξ on M . By Theorem 3.22,
there exists a multiplicative vector field ξ = (ξ˜, ξˇ) and an isomorphism S : F ⇒ Fξ.
Moreover, setting Θ′ = (S ∗ id−d[ ]) ◦ Θ, we extend Fξ to a connective lift (Fξ,Θ
′),
which is isomorphic to (F,Θ).
Let g ∈ C∞(X) satisfy δg = ιξγ, and consider αg = ιξ˜B + dg ∈ Ω
1(X). It is easy
to see that Lξˇγ = δαg, and that the collection of α for which (ξ˜, ξˇ;α) ∈ X(P; γ)
is a Ω1(M)-torsor. Since (Fξ,Θ(ξ,αg)) is a connective lift extending Fξ, and the set
of such connective lifts is also a Ω1(M)-torsor (by [9, Corollary 10.46]), (Fξ,Θ
′) is
isomorphic to some (Fξ,Θ(ξ,α)), as required.
The statement about restricting the functor follows from the observation that if
there exists (F,Θ) ⇒ (F ′,Θ′), then (F,Θ) preserves the curving iff (F ′,Θ′) does
(cf. [10, Def. 4.1.16]). 
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4. Lie 2-algebras and 2-plectic geometry
Following a review of the bicategory of Lie 2-algebras, we introduce the main
examples of interest in this paper—namely, the Poisson Lie 2-algebra of a 2-plectic
manifold and the connection-preserving multiplicative vector fields on (i.e., infini-
tesimal symmetries of) a bundle gerbe (Proposition 4.8).
4.1. Review of Lie 2-algebras. In this paper, we work with Lie 2-algebras using
Noohi’s bicategory 2TermL♭∞ of 2-term L∞-algebras, with butterflies as 1-arrows,
and morphisms of butterflies as 2-arrows [32]. As shown in op. cit., 2TermL♭∞ is
the localization of the bicategory 2TermL∞ of 2-term L∞-algebras defined by Baez
and Crans [2] with respect to quasi-isomorphisms. We begin with a brief review of
2TermL∞, using definitions from [33]; see also [2, Lemma 4.3.3].
Definition 4.1. A Lie 2-algebra is a 2-term chain complex V = [V1
d
−→ V0] equipped
with a skew-symmetric chain map [−,−] : V⊗V→ V and a skew symmetric chain
homotopy J : V⊗3 → V, called the Jacobiator, from the chain map
V
⊗3 → V, x⊗ y ⊗ z 7→ [x, [y, z]],
to the chain map
V
⊗3 → V, x⊗ y ⊗ z 7→ [[x, y], z] + [y, [x, z]],
satisfying
[x,J(y, z, w)] + J(x, [y, z], w) + J(x, z, [y, w]) + [J(x, y, z), w] + [z, J(x, y, w)]
= J(x, y, [z, w]) + J([x, y], z, w) + [y, J(x, z, w)] + J(y, [x, z], w) + J(y, z, [x, w]).
A Lie 2-algebra with vanishing Jacobiator is called a strict Lie-2-algebra.
Definition 4.2. A morphism of Lie 2-algebras F : V→W consists of a chain map
F• : V• → W• together with a chain homotopy F : V⊗V→W, from the chain map
V⊗ V→W x⊗ y 7→ F([x, y])
to the chain map
V⊗ V→W x⊗ y 7→ [F(x), F(y)],
satisfying
F1(J(x, y, z))− J(F0(x),F0(y), F0(z)) = F (x, [y, z])− F ([x, y], z)− F (y, [x, z])
− [F (x, y), F0(z)] + [F0(x), F (y, z)]− [F0(y), F (x, z)].
(4.1)
For completeness, we note that given a pair of morphisms of Lie 2-algebras, F,G :
V→W, a 2-morphism between F and G is a chain homotopy between them that is
compatible with the underlying chain homotopies F and G. The 2-category of Lie
2-algebras with the above morphisms and 2-morphisms is denoted by 2TermL∞ [2].
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We will work with the bicategory 2TermL♭∞ defined by Noohi [32], which we re-
call next. The objects remain the same; however, the arrows are replaced with
butterflies.
Definition 4.3. A butterfly E : V 99KW of Lie 2-algebras is a vector space E
equipped with a skew-symmetric bracket [−,−], together with a commutative dia-
gram
V1

κ
$$❏
❏❏
❏❏
❏ W1

λ
yyss
ss
ss
E
σzztt
tt
tt
ρ %%❑
❑❑
❑❑
❑
V0 W0
such that:
• ρ ◦ κ = 0 and the NE–SW sequence 0→ W1 → E → V0 → 0 is short exact;
• ρ and σ preserve brackets;
• for every a ∈ E, u ∈ W1, x ∈ V1,
[a, λ(u)] = λ([ρ(a), u]), and [a, κ(x)] = κ([σ(a), x]);
• for every a, b, c ∈ E,
λJ(ρ(a), ρ(b), ρ(c)) + κJ(σ(a), σ(b), σ(c)) = [a, [b, c]] + [b, [c, a]] + [c, [a, b]].
Definition 4.4. Given a pair of butterflies E, F : V 99KW, a morphism of butterflies
ϕ : E ⇒ F is a linear map E → F that commutes with the brackets and all the
structure maps of the butterflies. (As noted in [32], the linear map in a morphism
of butterflies is necessarily an isomorphism.)
The composition of butterflies U
E
//❴❴❴ V
E′
//❴❴❴ W is given by
U1

(κ,0)
%%❑
❑❑❑
❑❑
W1

(0,λ′)
yyrrr
rrr
E
V1
⊕
V0
E ′
σ◦pryysss
sss
ρ′◦pr %%
▲▲▲
▲▲▲
U0 W0
where E
V1
⊕
V0
E ′ denotes the quotient of E ⊕V0 E
′ by the image of V1 under (λ, κ
′),
with bracket defined on components.
As shown in [32], Lie 2-algebras with butterflies as 1-arrows and morphism of but-
terflies as 2-arrows form a bicategory 2TermL♭∞. Moreover, Noohi explicitly defines a
functor 2TermL∞ → 2TermL
♭
∞, and shows that this descends to an equivalence of cat-
egories on the localization of 2TermL∞ with respect to quasi-isomorphisms (i.e., mor-
phisms inducing an isomorphism on homology). In particular, quasi-isomorphisms
correspond to invertible butterflies—butterflies whose NW-SE sequence is also short
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exact. (Recall that the inverse of an invertible butterfly is obtained by simply ‘flip-
ping’ the butterfly diagram along the vertical axis.)
We will implicitly make use of this functor in what follows—for instance, when
writing down 1-arrows of Lie 2-algebras, we may write a morphism of Lie 2-algebras,
rather than the corresponding butterfly. For clarity, however, we will distinguish
between the two kinds of 1-arrows by employing either a solid or dashed arrow for
morphisms or butterflies, respectively.
4.2. Lie 2-algebras associated to pre-2-plectic manifolds and bundle gerbes.
Lie 2-algebras appear naturally in 2-pectic geometry [34], and as infinitesimal sym-
metries of bundle gerbes [9]. In this section, we recall the 2-plectic analogue of the
Poisson-Lie algebra of smooth functions on a symplectic manifold. Continuing (or
‘quantizing’) this analogy, we recall the Lie 2-algebra of multiplicative vector fields
on the Lie groupoid P ⇒ X associated to a bundle gerbe G = (X,P, µ), and give
the Lie 2-algebra structure for connection-preserving multiplicative vector fields in
Proposition 4.8. We see that a connective structure on a bundle gerbe G gives rise to
a natural horizontal lift of multiplicative vector fields on X [2] ⇒ X to multiplicative
vector fields on P ⇒ X , and that the resulting 3-curvature measures the failure of
the horizontal lift to be a morphism of Lie 2-algebras (Theorem 4.6).
4.2.1. The Poisson-Lie 2-algebra. Recall that a 2-plectic manifold is a manifold
equipped with a closed non-degenerate 3-form (in analogy with symplectic manifolds
and closed non-degenerate 2-forms). If we omit the non-degeneracy condition, we
say the manifold is pre-2-plectic [34].
Definition 4.5. Let (M,χ) be a pre-2-plectic manifold. The Poisson-Lie 2-algebra
L(M,χ) has underlying 2-term complex given by
C∞(M)
(0,d)
// {(ξ, β) ∈ X(M)× Ω1(M) | ιξχ = −dβ} .
with bracket given by
[(ξ1, β1), (ξ2, β2)] = ([ξ1, ξ2], ιξ2 ιξ1χ)
on L0 ⊗ L0 and zero otherwise. The Jacobiator J : L
⊗3
0 → L1 is given by
J(ξ1, β1; ξ2, β2; ξ3, β3) = −ιξ3ιξ2ιξ1χ.
4.2.2. Lie 2-algebras of infinitesimal symmetries of S1-gerbes. As mentioned in Sec-
tion 3.3, the category X(G) of multiplicative vector fields on a Lie groupoid G =
G1 ⇒ G0 is a (strict) Lie 2-algebra [5]. Indeed, viewing X(G) as a 2-term chain
complex
Γ(A) −→ X(G)0,
the bracket on X(G)0⊗X(G)0 is given on components: [(ξ˜, ξˇ), (ζ˜, ζˇ)] = ([ξ˜, ζ˜], [ξˇ, ζˇ]),
while on X(G)0 ⊗ Γ(A), it is given by [(ξ˜, ξˇ), a] = [ξˇ,
−→a ]
∣∣
G0
. (The bracket on
MULTIPLICATIVE VECTOR FIELDS ON BUNDLE GERBES 23
Γ(A) ⊗ X(G)0 is determined by skew-symmetry.) Here, recall that for a ∈ Γ(A),
and (ξ˜, ξˇ) multiplicative, [ξˇ,−→a ] ∈ ker ds and is right-invariant [24], and hence its
restriction to G0 defines a section in Γ(A).
Therefore, associated to a bundle gerbe G = (X,P, µ) over a manifold M , we nat-
urally obtain (strict) Lie 2-algebras X(X [2] ⇒ X) and X(P ⇒ X) as above. Recall
from Proposition 3.14 (1) that a connective structure (B, γ) on G give rise to a map
of multiplicative vector fields Liftγ : X(X
[2] ⇒ X)0 → X(P)0, which (cf. the proof
of Proposition 3.12 (4)) may be completed to a chain map
Liftγ,• : X(X
[2]
⇒ X)• −→ X(P)•. (4.2)
By Proposition 3.14 (2), the curving B gives rise to a map
FB : X(X
[2]
⇒ X)0 × X(X
[2]
⇒ X)0 −→ Γ(AP ) (4.3)
by setting FB(ξ˜, ξ˜
[2]; ζ˜ , ζ˜ [2]) = ιξ˜ιζ˜B
∂
∂θ
∣∣
X
, which we may view as defining a chain
homotopy that controls the failure of Liftγ to preserve the bracket (as in Definition
4.2). However, Liftγ fails to be a morphism of Lie 2-algebras (as in Definition 4.2).
Indeed, analogous to the horizontal lift for principal S1-bundles, the failure of the
horizontal lift to be a morphism of Lie 2-algebras (i.e., Condition (4.1) in Definition
4.2) is measured by the 3-curvature of the bundle gerbe, as the next Theorem shows.
Theorem 4.6. Let (G, B, γ) be a bundle gerbe over M with connective structure
and 3-curvature χ. The horizontal lift Liftγ and chain homotopy FB from (4.2) and
(4.3) define a Lie 2-algebra morphism if and only if χ = 0.
Proof. Following the paragraph preceding the Proposition, it remains to consider
Condition (4.1) from Definition 4.2. To that end, consider vector fields ξ1, ξ2, and
ξ3 on M with corresponding lifts ξ˜1, ξ˜2, and ξ˜3 on X . Write ξ = (ξ˜, ξ˜
[2]).
Since the Lie 2-algebras under consideration are strict (i.e., with vanishing Jaco-
biator), Liftγ and FB will define a Lie 2-algebra morphism if and only if
0 =FB(ξ1, [ξ2, ξ3])− FB([ξ1, ξ2], ξ3)− FB(ξ2, [ξ1, ξ3])
− [FB(ξ1, ξ2),Liftγ(ξ3)] + [Liftγ(ξ1), FB(ξ2, ξ3)]− [Liftγ(ξ2), FB(ξ1, ξ3)]. (4.4)
Since the image of FB consists of vertical sections of AP , each of the last three terms
above is also a vertical section. To determine the vertical components of these terms,
let ajk = FB(ξj, ξk), and ξˇi = Liftγ(ξi), and observe that ι[ξˇi,−→a jk]γ = Lξˇiι−→a jkγ, since
ξˇi is horizontal and
−→a jk is vertical. Restricting to X , we see that
ι[ξˇi,−→a jk ]γ
∣∣
X
= Lξ˜iιξ˜j ιξ˜kB
Therefore, taking vertical components in (4.4), we obtain
0 = ιξ˜1ι[ξ˜2,ξ˜3]B − ι[ξ˜1,ξ˜2]ιξ˜3B − ιξ˜2ι[ξ˜1,ξ˜3]B + Lξ˜3ιξ˜1ιξ˜2B + Lξ˜1ιξ˜2ιξ˜3B − Lξ˜2ιξ˜1ιξ˜3B
= ιξ˜1ιξ˜2ιξ˜3dB
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Hence Condition (4.1) holds if and only if π∗χ = dB = 0, which completes the proof,
since π : X →M is a submersion. 
The category X(P;B, γ) from Corollary 3.18 of connection-preserving multiplica-
tive vector fields is easily seen to be a 2-vector space. Proposition 4.8 below shows
it is a Lie 2-algebra, whose brackets are inherited from X(P).
Lemma 4.7. Let G = (X,P, µ) be a bundle gerbe over M with connective structure
(B, γ), and P ⇒ X the associated Lie groupoid. Let (ξ˜, ξˇ;α) ∈ X(P;B, γ)0 and
a ∈ Γ(AP ). Then v
[ξˇ,−→a ]
∣∣
X
= Lξ˜va + ιa˜α.
Proof. First, recall that −→a ∼δ1 a˜ and
−→a ∼δ0 0. Therefore,
v
[ξˇ,−→a ]
∣∣
X
= ǫ∗ι[ξˇ,−→a ]γ = ǫ
∗(Lξˇι−→a γ − ι−→a Lξˇγ) = Lξ˜va − ǫ
∗ι−→a δα = Lξ˜va + ιa˜α.

Proposition 4.8. Let G = (X,P, µ) be a bundle gerbe over M with connective
structure (B, γ). Let X(G;B, γ) = {V1 → V0} denote the 2-term complex
Γ(AP )
d
−→ X(P;B, γ)0,
with differential given by da = (a˜, aˇ; ιa˜B − dva). Define a bracket on V0 ⊗ V0 by
[(ξ˜, ξˇ;α), (ζ˜, ζˇ; β)] = ([ξ˜, ζ˜], [ξˇ, ζˇ];Lξ˜β − Lζ˜α)
and on V0 ⊗ V1 by
[(ξ˜, ξˇ;α), a] = [ξˇ,−→a ]
∣∣
X
.
Then X(G;B, γ) is a strict Lie 2-algebra (i.e., with Jacobiator J ≡ 0).
Proof. Let V = {V1 → V0} as in the statement of the Proposition. It is straightfor-
ward to see that the bracket and differential are well-defined. To show the resulting
bracket is compatible with the differential (i.e., that it gives a chain map V⊗V→ V),
we must verify that for (ξ˜, ξˇ;α) ∈ V0 and a, b ∈ V1:
d [(ξ˜, ξˇ;α), a] = [(ξ˜, ξˇ;α), da], and (4.5)
[da, b] = −[db, a]. (4.6)
For (4.5), first recall that ([ξˇ,−→a ]
∣∣
X
)∼ = [ξ˜, a˜] and ([ξˇ,−→a ]
∣∣
X
)∨ = [ξˇ, aˇ] (e.g., see the
proof of [5, Theorem 3.4]). Therefore, using Lemma 4.7,
d [(ξ˜, ξˇ;α), a] = ([ξ˜, a˜], [ξˇ, aˇ], ι[ξ˜,a˜]B − dv[ξˇ,−→a ]
∣∣
X
)
= ([ξ˜, a˜], [ξˇ, aˇ], Lξ˜ιa˜B − ιa˜Lξ˜B − d(Lξ˜va + ιa˜α))
= ([ξ˜, a˜], [ξˇ, aˇ], Lξ˜(ιa˜B − dva)− La˜α)
= [(ξ˜, ξˇ;α), da].
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For (4.6), we first recall that [aˇ,
−→
b ] = [−→a +←−a ,
−→
b ] = [−→a ,
−→
b ], since left and right
invariant vector fields commute. Therefore,
[da, b] = [aˇ,
−→
b ]
∣∣
X
= −[bˇ,−→a ]
∣∣
X
= −[db, a],
as required. The vanishing of the Jacobiator is straightforward. 
Example 4.9. Consider the connection-preserving multiplicative vector fields for
the trivial bundle gerbe Iω from Example 3.19. As a Lie 2-algebra X(Iω) = {W1 →
W0} has W1 ∼= C
∞(M), since vectors in the Lie algebroid must necessarily be
vertical vectors, andW0 consists of pairs (ξ, A) such that Lξω = dA. The differential
d : W1 → W0 is f 7→ (0,−df). The bracket on W0 ⊗W0 is given by
[(ξ1, A1), (ξ2, A2)] = ([ξ1, ξ2], Lξ1A2 − Lξ2A1),
and on W0 ⊗W1 it is given by
[(ξ, A), f ] = ξ(f).
Note that there is a morphism of Lie 2-algebras F : X(Iω) → L(M, dω), which
in degree 0 sends (ξ, A) 7→ (ξ, ιξω + A). It is straightforward to see that F is a
quasi-isomorphism. Theorem 5.1 generalizes this observation. ⋄
Remark 4.10. In Example 3.13, we saw that the category of multiplicative vector
fields X(P) on a bundle gerbe P given by a Cˇech 2-cocycle gijk recovers the category
Lgijk of infinitesimal symmetries from [9]. In op. cit. , Collier also shows Lgijk is a Lie
2-algebra—the Lie 2-algebra structure coincides with X(P) from [5]. The analogous
statement holds as well for the category L(gijk,Bi,Aij) of infinitesimal symmetries
preserving the curving and X(Ggijk , {Bi}, {Aij}). ⋄
5. Applications to 2-plectic and quasi-Hamiltonian geometry
In this section, we establish some 2-plectic and quasi-Hamiltonian analogues of
classical results in symplectic geometry. In Theorem 5.1, we show the Poisson
Lie 2-algebra of a 2-plectic manifold (M,χ) is quasi-isomorphic to the connection-
preserving multiplicative vector fields on a bundle gerbe with connective structure
and 3-curvature χ.
Let G be a compact Lie group with Lie algebra g. We apply the aforementioned
quasi-isomorphism to the framework of quasi-Hamiltonian G-actions with G-valued
moment maps and find an analogue of Kostant’s theorem (Theorem 5.7) lifting a
quasi-Hamiltonian g-action to a given ‘prequantization’ in that setting.
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5.1. Infinitesimal symmetries of S1-gerbes and pre-2-plectic manifolds.
Let (M,ω) be a symplectic manifold, and suppose we are given a prequantization:
a principal S1-bundle π : P → M with connection γ ∈ Ω1(P ) whose curvature
curv(γ) = ω. Recall that the formula
f 7→ Liftγ(Xf ) + π
∗f
∂
∂θ
defines a Lie algebra isomorphism C∞(M)
∼=
// Q(P, γ) , where Liftγ(Xf) denotes
the horizontal lift of Xf , the Hamiltonian vector field of f , and
Q(P, γ) = {X ∈ X(P ) : LXγ = 0}
denotes the so-called infinitesimal quantomorphisms of P [18, 37]. In Theorem 5.1
below, we give the 2-plectic analogue:
Theorem 5.1. Let (M,χ) be a pre-2-plectic manifold, and let G = (X,P, µ) be
a bundle gerbe with connective structure (B, γ) and 3-curvature χ. There is an
invertible butterfly E : L(M,χ) 99K X(G;B, γ).
Proof. For a multiplicative vector field (ξ˜, ξˇ), observe that δ(ιξˇγ) = ι(ξˇ,ξˇ)δγ = 0;
therefore, since P ⇒ X is proper, there exists g : X → R such that δg = ιξˇγ. We
will show that E = {(ξ˜, ξˇ;α, g) ∈ V0 × C
∞(X)
∣∣ δg = ιξˇγ} is the required invertible
butterfly:
L1

κ
$$❏
❏❏
❏❏
❏ V1

λ
zztt
tt
tt
E
σzztt
tt
tt
ρ $$❏
❏❏
❏❏
❏
L0 V0
The indicated structure maps are defined as follows. Let ρ = pr1 be the obvious
projection, λ(a) = (da,−va), and κ(f) = (0, 0; 0, π
∗f). To define σ, first observe
that δ(α− ιξ˜ B − dg) = 0, and hence there exists a unique 1-form ε ∈ Ω
1(M) such
that π∗ε = α− ιξ˜ B − dg. Hence π
∗ιξχ = ιξ˜ dB = π
∗dε. Set σ(ξ˜, ξˇ;α, g) = (ξ,−ε).
Define the bracket on E by
[(ξ˜, ξˇ, α, g), (ζ˜, ζˇ , β, h)] = ([(ξ˜, ξˇ, α), (ζ˜, ζˇ , β)], ιξ˜β − ιζ˜α + ιζ˜ιξ˜B).
Next, we verify the required compatibility of the bracket with the structure maps.
Clearly σ preserves the brackets. Also,
[(ξ˜, ξˇ, α, g), κ(h)] = [(ξ˜, ξˇ, α, g), (0, 0, π∗h)] = 0 = κ[(ξ, ε), h],
since brackets of elements of mixed degree vanish in L(M,χ). By Lemma 4.7 and the
properties of the bracket for X(G, B, γ), we have [(ξ˜, ξˇ, α, g), λ(a)] = λ[(ξ˜, ξˇ, α), a].
Finally, to see that σ preserves the brackets, it suffices to verify that
−π∗ιζιξχ = Lξ˜β − Lζ˜α− ι[ξ˜,ζ˜]B − d(ιξ˜β − ιζ˜α+ ιζ˜ιξ˜B),
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which follows from standard applications of Cartan calculus on differential forms.
Since the Jacobiator for X(G, B, γ) is trivial, the Jacobiator condition on E sim-
plifies to
κJL(ξ1, ε1; ξ2, ε2; ξ3, ε3) = [(ξ˜1, ξˇ1;α1), [(ξ˜2, ξˇ2;α2), (ξ˜3, ξˇ3;α3)]] + cyc. perm.
The V0-component in the above equality follows from the vanishing of the Jacobiator
for X(G, B, γ). To verify the component in C∞(X), it should be verified that
−π∗ιξ3ιξ2ιξ1χ = ιξ˜1(Lξ˜2α3 − Lξ˜3α2)− ι[ξ˜2,ξ˜3]α1 + ι[ξ˜2,ξ˜3]ιξ˜1B + cyc. perm.,
which is a straightforward, albeit tedious, application of Cartan calculus on differ-
ential forms—see Proposition A.1
To show E is an invertible butterfly, we must check that the diagonal sequences are
short exact. That the NW–SE sequence is short exact follows easily from properness
of the Lie groupoid P ⇒ X . Exactness of the NE–SW sequence is verified next.
To check surjectivity of σ: given (ξ, ε) ∈ L0, choose a multiplicative lift of ξ and
take α′ = −π∗ε + ιξ˜B. Next, find a function f with δf = ιξˇγ and set α = α
′ + df .
Then σ(ξ˜, ξˇ;α, f) = (ξ, ε)
To check injectivity of λ: suppose a ∈ Γ(AP ) is a section of the Lie algebroid and
da = 0 and va = 0. From da = 0, we get that a˜ = 0, which gives that a lies in the
the isotropy Lie algebra (in this case trivial, i.e., X × R), whence we view a as a
function on X , and we get that aˇ = 0, which gives that δa = 0 and hence a descends
to M . From va = 0, we see that the vertical part of a must vanish, but since a˜ = 0
all of a is vertical, so a must vanish.
Exactness at E: It’s easy to see that σ ◦ λ = 0 since π is a submersion. Suppose
σ(ξ˜, ξˇ, α, g) = 0. Then ξ = 0 and α− ιξ˜B − dg = 0. The first of those gives (ξ˜, ξˇ) =
(a˜, aˇ) for some a ∈ Γ(AP ) (See Proposition 3.12.) Since δva = δg, there exists a
(unique) f : M → R such that π∗f = g − va. We may view f as defining a section
of the isotropy Lie algebra, as noted in the previous paragraph, by setting b = π∗f .
That is, b : X → AP is a vertical vector in TP
∣∣
X
given by b(x) = f(π(x)) ∂
∂θ
∣∣
ǫ(x)
.
Note that vb = π
∗f , and b˜ = 0. Moreover, bˇ = 0 by Proposition 3.12 . Therefore,
λ(a+ b) = (ξ˜, ξˇ, α, g). 
Remark 5.2. In [13, Thm 4.6], the authors prove, in the more general context of
n-plectic geometry and L∞-algebras, a result similar to Theorem 5.1. Specializing
to n = 2, the result in op. cit. shows that L(M,χ) is quasi-isomorphic to a Lie
2-algebra the authors call the infinitesimal quantomorphisms of a principal U(1)-2-
bundle with connection. In that context, a principal U(1)-2-bundle is represented by
a Cˇech-Deligne cocycle, which is equivalent to the data of an S1-gerbe with connec-
tive structure given in terms of Cˇech data, while the corresponding Lie 2-algebra of
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infinitesimal quantomorphisms is essentially the Lie 2-algebra of infinitesimal sym-
metries preserving the connective structure from [9]. (Cf. Example 3.20 and Remark
4.10 .)
Consider a Lie group G acting on a symplectic manifold (M,ω), and suppose
π : P → M is a prequantization. Let g denote the Lie algebra of G. If the G-
action on (M,ω) is Hamiltonian, with moment map µ : M → g∗, we may compose
the Kostant Lie algebra isomorphism C∞(M) ∼= Q(P, γ) with the (co)moment map
〈µ,−〉 : g → C∞(M), to obtain a lift of the infinitesimal action g → XHam(M,ω),
ξ 7→ ξM , to a connection-preserving g-action on P , according to Kostant’s formula
[18],
g −→ Q(P, γ), ξ 7→ Liftγ(ξM) + π
∗〈µ, ξ〉
∂
∂θ
. (5.1)
Analogously, consider a Lie group G acting on a pre-2-plectic manifold (M,χ). If
the G-action preserves χ and the corresponding g-action ξ 7→ ξM is via Hamiltonian
vector fields (i.e., there exist 1-forms ε ∈ Ω1(M) such that ιξMχ = −dε), the authors
in [7] define a homotopy moment map to be a morphism of Lie 2-algebras that lifts
the natural projection L(M,χ)→ X(M,χ), as in the following diagram.
L(M,χ)

g
;;✇
✇
✇
✇
✇
// X(M,χ).
Suppose (G, B, γ) is a bundle gerbe over M with 3-curvature χ. If the g-action on
(M,χ) admits a homotopy moment map, we may compose it with the invertible
butterfly of Theorem 5.1 and obtain a Lie 2-algebra butterfly
g //❴❴❴ X(G;B, γ),
which is analogous to Kostant’s formula (5.1) above in 2-plectic geometry.
The following Theorem shows that the invertible butterfly from Theorem 5.1 is
compatible with trivializations, which will be useful in Section 5.2 where we discuss
the quasi-Hamiltonian context.
Theorem 5.3. A trivialization (Q, γQ) : Iω 99K (G, B, γ) of bundle gerbes with con-
nection induces an invertible butterfly Q : X(Iω) 99K X(G;B, γ). Additionally, there
is a canonical 2-isomorphism ϕ : Q ◦ E′ =⇒ E,
L(M, dω)
E′
~~⑥
⑥
⑥
⑥
⑥
⑥
E
""❋
❋
❋
❋
❋
❋
X(Iω)
Q
//❴❴❴❴❴❴❴❴ X(G;B, γ)
✑✑✑✑
DLϕ
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where E and E′ are the invertible butterflies from Theorem 5.1 corresponding to
(G, B, γ) and Iω, respectively.
Proof. Let (Q, γQ) : Iω 99K (G, B, γ) denote a trivialization (see Example 3.6). De-
note the underlying 2-term chain complexes by X(Iω) = {W1 → W0} (see Example
4.9) and X(G;B, γ) = {V1 → V0} (see Proposition 4.8). As a vector space, let
F = {(ξ˜, ξˇ, α, g) ∈ V0 × C
∞(X)
∣∣ δg = ιξˇγ}.
We will show that F gives rise to an invertible butterfly Q:
W1

κ
%%❑
❑❑
❑❑
❑ V1

λ
zz✉✉
✉✉
✉✉
F
σyyss
ss
ss
ρ $$■
■■
■■
■
W0 V0
The structure maps are defined as follows. Let κ(f) = (0, 0; 0, π∗f), λ(a) =
(da,−va), ρ = pr, and σ(ξ˜, ξˇ, α, g) = (ξ, A), where ξ is the vector field on M onto
which ξ˜ descends, and A ∈ Ω1(M) is determined by π∗A = α − ιξ˜curv(γQ) − dg.
Finally, the bracket on F is given by
[(ξ˜, ξˇ, α, g), (ζ˜, ζˇ , β, h)] = ([(ξ˜, ξˇ, α), (ζ˜, ζˇ , β)], Lξ˜h− Lζ˜g + ιξ˜ιζ˜curv(γQ)).
Next, we verify the required compatibility of the bracket with the structure maps.
Clearly, ρ preserves brackets. Let (ξ˜, ξˇ, α, g) and (ζ˜ , ζˇ , β, h) in F . To check that σ
preserves brackets, let σ(ξ˜, ξˇ, α, g) = (ξ, Aα) and σ(ζ˜ , ζˇ , β, h) = (ζ, Aβ). Then it
suffices to check that
π∗(LξAβ − LζAα) = Lξ˜(β − ιζ˜curv(γQ)− dh)− Lζ˜(α− ιξ˜curv(γQ)− dg)
= Lξ˜β − Lζ˜α− ι[ξ˜,ζ˜]curv(γQ)− d(Lξ˜h− Lζ˜g + ιξ˜ιζ˜curv(γQ)).
For f ∈ W1,
[(ξ˜, ξˇ, α, g), κ(f)] = (0, 0; 0, Lξ˜(π
∗f)) = κ(ξ(f)) = κ[σ(ξ˜, ξˇ, α, g), f ],
as required. For a ∈ V1,
[(ξ˜, ξˇ, α, g), λ(a)] = ([(ξ˜, ξˇ, α), da],−Lξ˜(va)− La˜g + ιξ˜ιa˜curv(γQ)),
while
λ[ρ(ξ˜, ξˇ, α, g), a] = λ[(ξ˜, ξˇ, α), a] = (d [(ξ˜, ξˇ, α), a],−v
[ξˇ,−→a ]
∣∣
X
).
Since
−Lξ˜(va)− La˜g + ιξ˜ιa˜curv(γQ) = −Lξ˜(va)− ιa˜(dg + ιξ˜curv(γQ))
= −Lξ˜(va)− ιa˜(α− π
∗Aα)
= −v
[ξˇ,−→a ]
∣∣
X
,
by Lemma 4.7, the desired compatibility is shown.
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Finally, since both Lie 2-algebras are strict, we must show that the bracket on
F satisfies the Jacobi identity. Since the Jacobiator vanishes on V ⊗30 , we need
only check the component in C∞(X) vanishes. Hence it remains to show that for
(ξ˜i, ξˇi, αi; gi) (i = 1, 2, 3):
Lξ˜1(Lξ˜2g3 − Lξ˜3g2 + ιξ˜2ιξ˜2curv(γQ))− L[ξ˜2,ξ˜3]g1
+ ιξ˜1ι[ξ˜2,ξ˜3]curv(γQ) + cyc. perm. = 0
This follows from the fact that d curv(γQ) = 0.
The exactness of the diagonal sequences of the butterfly are verified in the same
way as in the proof of Theorem 5.1.
Next we verify the statement about the compatibility of Q with the invertible
butterflies exhibited in (the proof of) Theorem 5.1. Let E : X(G, B, γ) 99K L(M, dω)
and E′ : X(Iω) 99K L(M, dω) be the resulting invertible butterflies. Given the iden-
tification of X(Iω) = {W1 ⇒ W0} used above (i.e., as in Example 4.9) , observe that
E′ may be written as
W1

κ′
%%❑
❑❑❑
❑❑
L1

λ′
yytt
tt
tt
E ′
σ′yyss
sss
s
ρ′ %%
❏❏
❏❏
❏❏
W0 L0
where E ′ = W0 × C
∞(M), with structure maps κ′(f) = (0,−df,−f), σ′ = pr,
λ′(f) = (0, 0, f) and ρ′(ξ, A, f) = −A + ιξω + df .
The composition L(M, dω)
E′
//❴❴❴ X(Iω)
Q
//❴❴❴ X(G, B, γ) is given by E ′
W1
⊕
W0
F .
Writing elements of the fibre product E ′ ⊕W0 F as (ξ, A, f ; ξ˜, ξˇ, α; g), we see that
the map
E ′
W1
⊕
W0
F → E, [(ξ, A, f ; ξ˜, ξˇ, α; g)] 7→ (ξ˜, ξˇ, α; g + π∗f)
is the desired 2-isomorphism. 
5.2. Kostant’s formula for Lie group-valued moment maps. In this section,
we apply the results of Section 5.1 to the setting of quasi-Hamiltonian group actions
with Lie group-valued moment maps to obtain an analogue of Kostant’s formula
for lifting (infinitesimally) a Hamiltonian Lie group action on a symplectic manifold
to a given prequantization. For the remainder of this section, G shall denote a
connected, compact Lie group with Lie algebra g, equipped with an invariant inner
product 〈−,−〉.
Lie group-valued moment maps. Let θL and θR denote the left and right invariant
Maurer-Cartan forms on a compact Lie group G, and let η = 1
12
〈θL, [θL, θL]〉 ∈
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Ω3(G) denote the Cartan 3-form. We view G as a G-manifold equipped with the
conjugation action.
Definition 5.4. [1] A quasi-Hamiltonian G-space is a triple (M,ω,Φ) consisting
of a G-manifold M , a G-invariant 2-form ω ∈ Ω2(M)G and a G-equivariant map
Φ : M → G, satisfying
(i) dω + Φ∗η = 0,
(ii) ιξMω +
1
2
Φ∗〈θL + θR, ξ〉 = 0 for all ξ ∈ g, and
(iii) at every point x ∈M , kerωx ∩ ker dΦx = {0}.
Analogous to coadjoint orbits in the dual of the Lie algebra g∗ as fundamental
examples of symplectic manifolds with Hamiltonian G-actions, conjugacy classes
C →֒ G are important examples of quasi-Hamiltonian G-spaces. Another important
example is the double G×G, with G acting by conjugation on each factor and G-
valued moment map given by the commutator (g, h) 7→ ghg−1h−1. Using the fusion
product operation, these examples form the building blocks for a (finite dimensional)
quasi-Hamiltonian description of the moduli space of flat G-bundles over a compact
surface Σ, with prescribed holonomies along the boundary curves. See [1] for details.
In [26], Meinrenken defines prequantization of quasi-Hamiltonian G-spaces us-
ing Dixmier-Douady bundles (or simply DD-bundles), which are equivalent to S1-
bundle gerbes. More precisely, the bicategory of DD-bundles over a fixed manifold is
equivalent to the bicategory of bundle gerbes (and similarly for their G-equivariant
counterparts) [23]. We recall the definition of prequantization next, providing a
formulation using bundle gerbes.
To begin, observe that for a quasi-Hamiltonian G-space (M,ω,Φ), the first con-
dition in Definition 5.4 (together with the fact that dη = 0) shows that the pair
(ω, η) defines a closed relative differential form in Ω3(Φ). In fact, together with the
second condition in Definition 5.4, we have that (ω, ηG) defines a closed relative G-
equivariant differential form in Ω3G(Φ). A prequantization of a quasi-Hamiltonian
G-space (M,ω,Φ) is a relative G-equivariant bundle gerbe (Q,G) for Φ—i.e., a
G-equivariant bundle gerbe G → G, together with a G-equivariant trivialization
Q : I 99K Φ∗G, whose relative DD-class maps to [(ω, ηG)] ∈ H
3
G(Φ;R) via the map
induced in cohomology from the coefficient homomorphism Z→ R.
Let (G, BG, γ) be a G-equivariant bundle gerbe over G with connective structure
and G-equivariant 3-curvature ηG. Then a G-equivariant trivialization (Q, γQ) :
I−ω 99K (G, BG, γ) gives a prequantization for (M,ω,Φ).
Remark 5.5. Note that a prequantization for (M,ω,Φ) exists if and only if the
relative cohomology class [(ω, ηG)] ∈ H
3
G(Φ;R) is integral (i.e., in the image of
the coefficient homomorphism H3G(Φ;R) → H
3(GΦ : Z). For related work on the
integrality conditions required for prequantization of the moduli space of flat G-
bundles, see [19, 20, 22, 25].
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A quasi-Hamiltonian analogue of Kostant’s formula. For HamiltonianG-spaces (M,ω)
with prequantization P → M , Kostant’s formula (5.1) provides a lift of the g-action
on M to a connection-preserving g-action on P . In this Section, we propose an
analogue of such a lift for quasi-Hamiltonian G-spaces.
Let (M,ω,Φ) be a quasi-Hamiltonian G-space. Suppose we are given a (not
necessarily G-equivariant) bundle gerbe (G, B, γ) over G with connective structure
whose 3-curvature is η, together with a trivialization (Q, γQ) : I−ω 99K (G, B, γ).
By Theorem 5.3, the trivialization (Q, γQ) gives rise to an invertible butterfly of Lie
2-algebras Q : X(I−ω) 99K X(Φ
∗(G, B, γ)), and such a butterfly is compatible with
the butterflies resulting from Theorem 5.1. This proves the following Proposition.
Proposition 5.6. Let (M,ω,Φ) be a quasi-Hamiltonian G-space. Suppose (G, B, γ)
is a bundle gerbe over G with connective structure whose 3-curvature is η, and let
(Q, γQ) : I−ω 99K Φ
∗(G, B, γ) be a trivialization. Then the diagram
L(M,−dω) //❴❴❴❴❴
✑✑✑✑
X(I−ω)
Q

✤
✤
✤
L(M,Φ∗η) //❴❴❴ X(Φ∗(G;B, γ))
2-commutes, where the horizontal morphisms are the invertible butterflies from The-
orem 5.1, and Q is as in Theorem 5.3.
In [7], the authors show that a G-equivariant extension of a closed G-invariant
3-form χ on a G-manifold M gives rise to a homotopy moment map g → L(M,χ).
For a quasi-Hamiltonian G-space (M,ω,Φ), we may view (M,−dω) as a pre-2-
plectic manifold. From condition (i) of Definition 5.4, it follows that L(M,−dω) =
L(M,Φ∗η), and condition (ii) shows that the two G-equivariant extensions of −dω,
−(dGω)(ξ) = −dω + ιξMω, and (Φ
∗ηG)(ξ) = Φ
∗η +
1
2
Φ∗〈θL + θR, ξ〉
agree. Therefore, the resulting homotopy moment maps agree. Combining this
observation with Proposition 5.6, we obtain the diagram in the following Theorem,
which we consider a quasi-Hamiltonian analogue of the Kostant formula (5.1). In
other words, we may lift the g-actions on M and G to infinitesimal symmetries on
I−ω and (G, B, γ) that are compatible with the given trivialization (Q, γQ).
Theorem 5.7. Let (M,ω,Φ) be a quasi-Hamiltonian G-space. Suppose (G, B, γ)
is a bundle gerbe over G with connective structure whose 3-curvature is η, and let
(Q, γQ) : I−ω 99K Φ
∗(G, B, γ) be a trivialization. The following diagram 2-commutes:
L(M,−dω) //❴❴❴❴❴
☞☞☞☞

X(I−ω)
Q

✤
✤
✤
✤
g
66♥♥♥♥♥♥♥♥
((PP
PPP
PPP
L(M,Φ∗η) //❴❴❴ X(Φ∗(G;B, γ))
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Appendix A. A formula used in the proof of Theorem 5.1
We include the verification of a formula used in the proof of Theorem 5.1.
Proposition A.1. Let N be a manifold, and let B ∈ Ω2(N). Let X, Y , and Z
denote vector fields on N , and suppose that there exist differential 1-forms a, b, and
c such that LXB = da, LYB = db, and LZB = dc. Then,
−ιZιY ιXdB = ιX(LY c− LZb)− ι[Y,Z]a+ ι[Y,Z]ιXB + cyc. perm.,
Proof. This is a straightforward application of the given relations and the Cartan
calculus. Indeed,
ιXιY ιZdB = ιXιY LZB − ιXιY dιZB
= ιXιY dc− ιXLY ιZB + ιXdιY ιZB
= ιXιY dc− ιXι[Y,Z]B − ιXιZLYB + ιXdιY ιZB
= ιXιY dc− ιXι[Y,Z]B − LXιY ιZB
= ιXιY dc− ιXιZdb− ιXι[Y,Z]B + ι[X.Y ]ιZB + ιY LXιZB
= ιXιY dc− ιXιZdb− ιXι[Y,Z]B + ι[X.Y ]ιZB + ιY ι[X,Z]B + ιY ιZda
= ιXLY c− LXιY c− ιXLZb+ LXιZb+ ιY LZa− LY ιZa− ιXι[Y,Z]B
− ιZι[X,Y ]B − ιY ι[Z,X]B
= ιXLY c− ι[X,Y ]c− ιY LXc− ιXLZb+ ι[X,Z]b+ ιZLXb+ ιY LZa− ι[Y,Z]a
− ιZLY a− ιXι[Y,Z]B − ιZι[X,Y ]B − ιY ι[Z,X]B

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